Abstract-This review is devoted to certain aspects of the theory of multiple ionization of a quantum target by a fast charged particle. Atoms and molecules, and their ions as well, are considered as targets, while electrons and protons are considered as projectiles. Special attention is paid to the effective charge approximation while constructing continuum wave functions for several charged fragments in the exit channel of the reaction. The oretical calculations of differential and total cross sections of various multiple ionization processes are presented and, where possible, comparison of the results of these calculations with experimental data is carried out.
INTRODUCTION
Theoretical analysis of multiple ionization of an atomic or molecular target by the impact of a fast mov ing particle (an electron, proton, ion, photon, a group of photons) is a daunting task in nonrelativistic phys ics. Although it is sometimes manageable to describe a fast particle by the plane wave and thereby reduce the problem to the Born approximations in the interaction with a neutral atom (a molecule), it is not much help either. The appearance of a few, often slowly moving, electrons at the end of the reaction requires an appli cation of the scattering theory of few charged particles. In the case of three neutral particles, such a theory was formulated and mathematically justified [1, 2] . In the case of three charged particles, the boundary condi tions for the differential problem of calculating a wave function in the configuration space have been formu lated in a mathematically correct way [2, 3] . Certain approaches to formulating the scattering problem of three charged particles in the momentum space for scattering amplitudes can be found in the references cited in a recent review [4] . In particular, there are dis cussions concerning the extra singularities of scatter ing amplitudes of a few Coulomb particles and the ways to eliminate them when the collision energy becomes on shell, i.e., there appears a link between the energy and momentum of particles.
The mentioned singularities appear in higher orders of perturbation theory when there is the Green's func tion of free wave equation in the matrix element of scat tering amplitude. The first order (FBA) is usually free of these issues. However, what is FBA anyway? The Hamiltonian pertaining to the problem must be divided into a sum of at least two terms H = H 0 + V, where H 0 is a free Hamiltonian and V denotes an interaction. Then FBA is written in the form of the matrix element (I. 1) where the initial and final wave functions of a system belong to the spectrum of the Hamiltonian H 0 . Such processes are called direct. In the processes with rearrangement, the full Hamiltonian H is repre sented in a twofold way, H = H 0i + V i = H 0f + V f thereby leading to the formula (I. 2) Expressions (I.1) and (I.2) are exact in FBA, but the functions and are solutions to the multipar ticle differential (integral) equations that can often be hardly solved even numerically, since it is impossible to formulate boundary conditions adequate to the prob lem at hand.
Here we set foot on a shaky ground of approxima tions.
The main idea of most of those approximations is separability of the final multielectron function. Roughly speaking, the part of an eigenfunction being a product of functions is extracted in the Schrödinger equation for the wave function while the remaining one is taken to be a perturbation and is omitted in FBA. Often, such an approach is based on asymptotic considerations. However, to do so is far from easy if we intend to describe a maximally possible number of phenomena in FBA. The obstacles to this are the potentials of electron-electron interaction leading to diverse effects of electron correlations. It is quite problematic to somehow "approximate" them in a sensible way. This is why in Section 1 we consider mathematical foundations of the effective charge method formulated taking into account higher order perturbative divergences, which were extensively dis cussed in our previous review [4] .
Here we are mainly concerned with those multiple ionization reactions in which an atomic target emits no less than two electrons upon interaction with a fast particle (the simplest cases are a helium atom and hydrogen molecule). Of course, it is unfortunate to have to set aside the nearly limitless and still develop ing theoretical and experimental aspects of single ion
ization reactions that have been determined so far. However, with complex targets, we will not be able to avoid completely the consideration of (e,2e) reac tions, as the final states of (e,2e) and (e,3e) reactions on the same target are in fact different eigenfunctions of its Hamiltonian and comparisons are inevitable. And only in the last, fourth, section we will consider (e,2e) reactions on molecular targets. This in no way is new material, but it should be mentioned that even the simplest hydrogen molecule is a system of four bodies, and recently we have witnessed a number of interesting approximate approaches and numerical methods that will be presented and discussed here. The direct processes of multiple ionization differ in the number of electrons in the final state. It is sup posed that the final fast particles are measured in coin cidence between each other and with slow moving emitted electrons as well. If, for definiteness, one talks of multielectron target ionization by fast electrons (with energies of a few keV), then there are the so called dipole (e,3e) reactions, in which an incoming electron transfers a small amount of the momentum and energy to an atom and, therefore, goes out with almost unchanged velocity, and quasi elastic (e,3e) reactions (or electron momentum spectroscopy (EMS)), when there are two fast electrons in the final state with nearly identical energies and angles. The differential cross sections of (e,3e) processes with completely measured angles and energies of all three final electrons are extremely small [5, 6] , especially in the case of EMS [7] . Therefore, one resorts to the measurements of cross sections of lower multiplicity, say, (e,3-1e), when no slowly moving electron is detected [8] . Although (e,3e) experiments in quasi elastic kinematics are rare nowadays, they are quite informative in effectively discerning a degree of elec tron pair correlations in the multiparticle wave func tion of a target [7, 8] .
Transfer ionization (TI) by a fast incoming proton (with the energy of several MeV) can be considered a multiple ionization reaction. In the course of the impact, the target loses at least two electrons, one of which is captured by a proton, thus creating a fast moving hydrogen atom. Here the diverse final states of the fragments and their combinations are possible: the ground (excited) state of a hydrogen atom, ground (excited) state of an ion residue, molecule ion dissoci ation (in the case of a molecular target), etc. A mea surement in coincidence of various reaction products may give exclusive information on the mechanisms of the reaction studied. At the moment, rather extensive experimental data are obtained. Section 2 will be devoted to reactions with two fast particles produced in the final state.
In so called dipolar experiments, there is a single fast particle in the final state, the one that bombarded the target. Such experiments provide a higher coinci dence event rate and, therefore, are more popular among experimenters. At the same time, this requires theorists to construct a three body final state function of two "free" electrons in the field of an ion, or even its adequate approximation. We will consider these issues in a bit more detail in Section 3.
It is not the purpose of this review to present every single approximation in the theory existing to date. As is known, "no living man all things can." At times, sci entists try to match their theoretical models with the experiment by somehow "adjusting" a classical approximate scheme. Then, numerous abbreviations appear on the market, announcing the introduction of another parameter in known approximations that are sometimes limited by the paper the model is presented in. It is virtually impossible to sort that mess out. Moreover, today, theorists calculate matrix elements numerically and, thereby, often make understanding of the physics of the processes that take place more dif ficult. It is not always obvious what is coded in the pro grams, what the real accuracy of the results is, and what we have as an output.
It is widely believed that the study of multiple ion ization processes enables a much deeper understand ing of the role of electron correlations in the target and lets one go beyond the Hartree-Fock single particle models. This is indeed the case, but this general state ment is not always based on clear cut physics. That is why we, first, consider prompt processes that allow only the first Born approximation with transparent reaction mechanisms to be used in most cases. Sec ond, fast particles enable the complex multiparticle Coulomb function of freely moving reaction frag ments to be further reduced based on physically justi fied simplifications. Third, numerical calculations of the matrix elements are limited to multiple integra tion, which is, though being complicated, a much bet ter developed calculation method than, say, the inte gration of multidimensional differential (integral) equations in the multiparticle scattering theory.
In concluding this introductory discussion, we would like to cite a number of review articles and books related to the problem considered here that include a large number of references to the original works. First of all, this concerns the classic work by Peterkop [10] dedicated to the theory of electron impact ionization of atoms that includes references to books and basic original works up to 1970, in particu lar, books by Drukarev, Mott and Messi, Wu and Omura, Rudge and Seaton, etc, where even earlier approximations and methods that became classical were reviewed. The experimenter's point of view on the problem of electron impact ionization is given in [12] , which is replete with references to original works up to 1990. Of more recent reviews, we should men tion [13] .
Besides those cited above, there are a number of reviews devoted to the specific topic of electron momentum spectroscopy that have been published in the literature. These are book by Weigold and McCar thy [14] and review by Coplan et al. [15] , in addition to review by Neudachin et al. [7] mentioned earlier. However, in most of these works, the case of (e,2e) reactions is considered, with a huge experimental database related to the latter and collected during the 1960s to 1980s.
It is worth mentioning excellent review by Briggs and Schmidt [16] dedicated to (γ,2e) reactions, as well as that by Sadeghpour [17] with references to works up to 1995. At last, the reader can familiarize himself with the issues of "two electronic" atoms' behavior in strong electric field, including the case in which the latter varies with time, by referring to [18] . This last problem has been rapidly developing of late and deserves a separate review in the journal Fizika elemen tarnykh chastits i atomnogo yadra (Physics of Particles and Nuclei). We are not going to touch on it here, since the theory of such reactions is based on the time dependent Schrödinger equation and requires other theoretical schemes and approximations to be employed.
The literature related with the problem of capture is more extensive, which is expected considering the practical importance of this topic. A detailed account of the theory of ion-atom collisions is given in book [19] and reviews [20] and [21] , whereas a considerable amount of the experimental data on inelastic colli sions of fast charged particles with atoms and mole cules and its comparison with the Bethe theory are presented in classic review by Inokuti [22] .
If not otherwise defined, the atomic units e = m e = ћ = 1 are used throughout. Additionally, the plane (azimuthal) angles of particle momentum vectors are counted from the direction of incoming particle's velocity vector counterclockwise in most of the illus trating figures borrowed from various sources. Other wise, it is defined in the corresponding figure caption.
EFFECTIVE CHARGE METHOD IN THE PROBLEM OF TWO ELECTRONS IN THE FIELD OF A NUCLEUS AT REST
The best known method of factorizing the contin uum function of three charged particles is the method of effective charges, which is a variation of the dis torted wave method. It was developed by Peterkop [9, 10] and Rudge and Seaton [11] and based on classical motion dynamics of two electrons in the field of nucleus at large relative distances between all three components of the system. Indeed, according to the correspondence principle in quantum mechanics, asymptotic motion of electrons from the collision region toward detectors is defined by the classical rela tions r i = k i |t|. In this case, the interaction potential can be written in the form where
, and Z is the charge of a nucleus. The right hand side of Eq. (1.1) can now be rewritten to take the following form:
introducing effective charges Z 1 and Z 2 . From this we obtain the equation for these two charges, (1.3) and the finite nonsymmetrized wave function repre sented by a product of two Coulomb functions, Despite the elegance of formula (1.4), the product of two Coulomb functions cannot be used as a free term of a Lippmann-Schwinger (LS) equation with a compact kernel, since the perturbative potential does not cease to be long range. Moreover, this poten tial is also nonlocal, as it depends on the energies of electrons. However, the problem can be solved. We shall consider the effective charge method within the framework of the consistent theory given in some detail in [4] (see Subsection 1.4 for the distorted wave method). Here we will just briefly recall the main results necessary for the presentation of new material.
Integral Equations of the Few Particle Scattering
Theory with Coulomb Interaction For generality, let us introduce the notion of the reaction channel α and denote by p α a set of relative Jacobi momenta p βγ that define the motion of N α frag ments colliding in the channel α. The relative coordi nate of particles i and j is r ij , while their relative momentum is denoted as k ij . The wave vector |φ α 〉 is a product of the wave vectors of bound states of the frag ments defining the channel α, with the total binding energy In this way, the asymptotic wave vector of the channel α takes the form |φ α , p α 〉. V α denotes the sum of pair interaction potentials between particles
belonging to different fragments that collide in the channel α. Let us define also the Coulomb parameter (the Coulomb number or Sommerfeld parameter) of the channel α, which is equal to the sum of the Coulomb parameters of a pair of fragments β and γ, μ βγ is the reduced mass of these fragments, q β and q γ are their total charges. Finally, we define the Dollard phase of α channel [23] :
where E βγ is the energy of relative motion of β and γ fragments. The channel of complete dissociation (with out any bound states) is denoted by the index "0".
Consider for simplicity the reaction of dissociation of a two body neutral bound pair by an incoming charged particle (not necessarily fast). The interaction potential of such a system can be written in the follow ing form:
Now define the operator
where G(z) = (z -H 0 -V) -1 and H 0 is the free Hamil tonian of three particles. The operator in (1.7) speci fies the dissociation amplitude of a neutral pair α (e.g., an atom) and satisfies the integral LS equation (1.8) In this equation, the operator G 0 (z) = (z -H 0 ) -1 stands for the free Green's function.
Following [2, 24, 25] (see also general definition (1.27) in [4] ) the operator T(z) can be written in the form (1.9)
The matrix elements 〈k γ , p γ |M(z)| φ α 〉 and
A pair of Jacobi momenta (k γ , p γ ) correspond to the exit disso ciation channel, where three such equivalent sets can be defined, and is the momentum of an incoming particle (an electron) with respect to a bound pair in the entrance channel α.
If the operator M(z) is known, then the desired nonsingular reaction amplitude can be defined on the energy shell as follows [2, 24, 25] :
Unfortunately, it turns out that no equation with a compact kernel can be formulated for the operator M(z); therefore, the only way is to explicitly resolve a singularity out of the solution to the LS equation, which in certain cases leads to regularizations (renor malizations). This topic is covered in [4] .
At the same time, the operator R(z) in (1.9) does not possess any physical meaning and its matrix ele ment vanishes while going to the energy shell [2, 25] . This helpful observation is used in formulating the effective charge method.
For the final state with given momenta k γ and p γ , we define the nonlocal (energy dependent) pair potential U = λ γ /r γ with effective charge λ γ = ηk γ /μ γ and trans form Eq. (1.8) in the following manner:
It is possible to write the equality where the operator t U (z) corresponds to the scattering amplitude on the potential U. As a result, we obtain (1.11)
The purpose of introducing the potential U is to com pensate a three body singularity (z -E) iη in the matrix
by introducing an additional two body Coulomb singularity (see also formula (1.47) in [4] ). Therefore, the two body potential must necessarily be dependent on the energy.
Second Born Approximation
for the Breakup Amplitude Taking into account relations (1.10) and (1.11), the following expression for the physical scattering ampli tude can be written:
where (k γ ) is the two body Coulomb function cor responding to the potential U. After simple transfor mations, Eq. (1.12) can be rewritten to take the well known form (1.13) which was for the first time obtained by Peterkop [10] . FBA in the effective charge method is given by the expression (1.14)
Before SBA is defined, consider the sum (1.15) with the amplitude t(k γ , p γ , ) presented in (1.13). In order to compute the sum in Eq. (1.15), we mark the potential U by the index γ, which was so far omitted to simplify the notation, and take into account the fol lowing chain of equalities:
In addition, we write, without proof, the expression for the convolution of Coulomb function with smooth function f(k):
All these auxiliary calculations let Eq. (1.13) be repre sented in the form (1.17) The factor N in (1.17) is equal to
, and the function Y can be written as (1.18) and clearly includes the Born terms in potentials higher than the second one. It can be omitted in SBA, with the remaining part in (1.17) corresponding to the second order approximation. It turns out that, in the second Born approximation the effective charges in (1.13) can be fixed; this is considered in the next sub section.
Two Particles in the Coulomb Field of a Fixed Center
For convenience, let us somewhat alter the variable notations. Consider the process (23) + 1 1 + 2 + 3, where an infinitely heavy nucleus (a center) is denoted by the index (3), |φ 2 〉 stands for the wave function of the initial bound state, and k 0 is the momentum of the incoming particle, while k 1 and k 2 are those of the final particles. These latter particles may well be electrons. Equation (1.11) in the new notation looks like (1.19) The operator t 1,2 (z) denotes the scattering amplitude on the potential U 1,2 = U 1 + U 2 , where U j = -Z j q j /r j (j = 1, 2) and the constants Z j are the effective charges, while, in the general case (see (1.3)), (1.20) Here v j = k j /m j is the velocity of a light particle, q j is its charge, and v 12 = v 1 -v 2 denotes the relative velocity of light particles.
From (1.12) it follows that 
with still arbitrary constants x and y. Now assume
which leads to disappearance of the last term in (1.24).
If the charge of a Coulomb center is denoted via Z, then the potential V is in general written in the form From (1.25) the system of algebraic equations (1.26) follows, which immediately leads to the equality of effective charges Z 1 = Z 2 . Now, setting y = xξ, taking into account(1.20), the solutions we are interested in are obtained from (1.26) Substituting this in (1.24), we derive the final SBA expression for the amplitude within a framework of the
effective charge method:
where everything is well defined. The expression given in (1.27) can now be used to numerically calculate the cross sections. As an exam ple, the results of the cross section calculation based on (1.27) for (e,2e) reactions on a hydrogen atom (solid curve) in comparison with a conventional FBA are presented in Fig. 1 . An interesting convergence of theory and experiment is observed in Fig. 2b even in the energy range, where the applicability of the Born approximations is not well justified.
Concluding Remark to Section 1
In concluding Section 1, which presents material published for the first time in [26] , it should be noted that the theory of multiparticle Coulomb scattering enables one to construct a physical ionization ampli tude free of extra singularities, as well as to formulate an effective charge method in which those charges are 
. Experimental points are from [27, 28] . The figure is borrowed from [26] .
unambiguously defined, if a Born series is required to be precise up to the second order.
TWO FAST PARTICLES IN THE FINAL STATE

(e,3e) Electron Momentum Spectroscopy
The amplitude matrix elements of multiple ioniza tion of a quantum target by a fast electron, with two fast electrons measured in coincidence in the final state, are the simplest ones from the point of view of a separable representation of the final state function in (I.1). In what follows, we shall consider the helium atom as the simplest two electron target. In quasi elastic kinematics the final wave function of a system takes the form of a product of two fast electron plane waves with the momenta p s , p e and the Coulomb wave of a slow electron with the momentum p 3 that describes its free motion in the field of a nucleus with the charge Z = -2 [29] ,
In its turn the initial wave function is represented as a product of the plane wave of a fast incoming electron and the ground state wave function of a helium atom,
In this case the potential of Coulomb interaction between target components and an incoming electron is taken for a perturbative potential, where Q = p 0 -p s and the Coulomb function corre sponds to (1.5) with Z eff = 2. In the integrand, only the exponentially oscillating term is kept that contains the small momenta p 3 and q = p s + p e -p 0 . It is the EMS geometry that ensures a small value of the momentum q at large p 0 , p s , and p e : the plane angles θ s and θ e of the momenta p s and p e with respect to p 0 are approxi mately equal to ϯ45°, and E s ~ E e ~ E 0 /2 (for more detail, see [7] ).
The fivefold differential cross section upon taking into account various symmetries and exchanges takes the following form:
Here it is supposed that a slow electron "differs" from electrons s and e, which is completely justified at E s Ẽ e ӷ E 3 .
From Eq. (2.4) it is seen that such simplifications cause the integral M to look like a double Fourier trans form of the helium atom wave function. By varying the momenta p 3 and q within reasonable limits, it is possible to obtain valuable information about electronic correla tions in the target studying the differential cross section given in (2.5). As follows from the results of [29] , this property remains intact even if a slow electron is not mea sured in coincidence, that is, the expression in (2.5) is integrated over spherical angle Ω 3 . The energy of that slow electron is fixed by the conservation law E 0 + E He = E s + E e + E 3 (E He ≈ -2.9037 is the binding energy of helium atom). Such a process is denoted by (e,3 -1e).
A diagram of the (e,3 -1e) experiment with a helium atom target in quasi elastic kinematics is shown in Fig. 2 [8] . The geometry is noncoplanar, with the plane angles θ s and θ e being ϯ45° and the initial energy E 0 = 2 080 eV and E s = E e . The calculation results for the triple differential cross sections (TDCSs) corresponding to a single ionization that leaves an ion He + in the ground state are presented in [37] (see also review [14] and references therein).
The experiments performed by the Japan group [8] do not allow measurements of the cross section absolute values for the processes considered. However, analo gous experimental conditions with different states of a final ion lend some credibility to a quasi absolute scale argument. The idea of quasi normalization rests on a virtually identical FBA calculation for various trial helium functions in both the form and the absolute magnitude up to q ~ 2 [7, 14, 15, 39] . Therefore, the experimental cross section was normalized to the FBA calculations with the use of CI wave function; namely, the area under this theoretical curve was computed up to q = 1.7, and the ratio of similar areas for other trial functions to a given "standard" one determined the individual coefficient for each trial function. The curves of (e,2e) reaction cross sections versus momentum q are presented in the upper panel of Fig. 3 in the logarithmic scale, while in the lower panel they are shown in the lin ear scale. The computed normalization factor was then used for (e,3 -1e) processes. In addition to the calcula tions with the CI function, the cross section calcula tions with the use of the wave functions Hy, RHF, HEC, CPV, and BK, as well as DWBA calculations, are pre sented in Fig. 4 scaled by a factor of 1.17, 1.02, 0.94, 1.01, 1.00, and 0.79, respectively. The energy of a slow electron in the upper panel E 3 = 10 eV, while in the lower one it is 20 eV.
Unlike Fig. 3 , a fairly diverse picture of momentum distributions of (e,3 -1e) reactions is observed in Fig. 4 . Curves obtained by using uncorrelated Hy and RHF 1s 2 functions give results similar to each other, which strongly differ from the experimental shapes at both energies E 3 = 10 and 20 eV. The shape of a simple radially correlated HEC function also fails to match in both the form and quasi absolute value with the shapes of more advanced trial functions. In turn, the "good" trial functions, with energies close to E He , exhibit (after being multiplied by the corresponding coeffi cients) shapes that coincide with each other and the experimental shape in form, but differ from the exper imental one in the quasi absolute value by almost a factor of 2. This discrepancy was removed by employ ing calculations in the second Born approximation (SBA) [40] . Here we will not consider the SBA in detail and would only like to note that the leading con tributions come from the excitations of intermediate ion He He ++ + 3e in the quasi elastic kinematics as a function of momentum q: E 3 = 10 eV (a), E 3 = 20 eV (b). An electron e 3 is not detected. Labels are the same as in Fig. 2 . The figure is taken from [8] .
(e,3 -1e) quasi elastic processes not only let the trial wave functions be selected by their binding energies, but also identify a group of seemingly different func tions with binding energies close to the experimental ones that produce momentum distributions coincid ing with each other.
Transfer Ionization
Transfer ionization (TI) means an electron capture from the target with simultaneous ionization of the latter by a fast proton (with an energy of a few MeV). It belongs to rearrangement processes (I.2) and can also be related to reactions with two fast particles in the final state (a fast proton and a captured electron). Once again, we take a helium target and consider very small scattering angles of hydrogen produced (parts of mrad) in the reaction He + p He ++ + H + e. This enables us to assume that the reaction proceeds with relatively small momentum transfer to a helium ion and leaves its nucleus at rest because of a large nucleus mass, i.e., it is possible to take r N ≈ 0 in the laboratory coordinate frame. In this case the final state of a sys tem is approximately written in the form (2.6) In this formula r p , r 1 , and r 2 are the radius vectors of a proton and first and second electrons, respectively; ϕ H (r) is the wave function of a produced hydrogen atom (as a rule, in the ground state); and ϕ -(k, r 2 ; 2) is the Coulomb wave of a released electron. The initial state of a system is written in a form analogous to (2.2), (2.7)
Define the momentum transfer q = p H -p p and take the potential of Coulomb interaction between the target components and incoming proton to be perturbative, (2.8) Substituting the expressions given in (2.6)-(2.8) into (I.2), we obtain (2.9) where for convenience the following notation is intro duced: (2.10)
is the hydrogen function in the momentum rep resentation and v p = p p /m is the proton velocity. The integral A1 is readily calculated analytically, (2.11) while the rest are numerically computed.
The laws of conservation of momentum where K denotes the ion momentum and M ≈ 4m is its mass, allow the value of the momentum transfer q to be calculated if the quantity v p is taken for the z axis:
From relations (2.12) and (2.13), it is seen that the proton velocity at an energy of several MeV does not exceed 10 atomic units; correspondingly, the value of q z is of the same order. If the electron energy is taken to be within the limits of even hundreds of keV, then the value of the ion momentum K is also a few atomic units, while the proton mass is m = 1836.15. This lets the energy of motion and ion velocity be set precisely equal to zero. As for q ⊥ , the product mθ p does not exceed a unit at scattering angles of up to 0.5 mrad. These considerations specify the characteristic scales of the problem at hand.
Consider now the physical meaning of FBA ampli tudes. The amplitude A1 is the so called plane wave Oppenheimer-Brinkman-Kramers (OBK) approxi mation. In the FBA it can be thought of as a protonelectron collision with subsequent capture of the same electron (a fast final electron, although related with a fast incoming particle). A second electron is emitted as a result of instantaneous rearrangement of the poten tials in a target atom. This is a typical mechanism of shake off (SO), described, for example, in [41] . Com parison of the expressions presented in (2.11) and (2.4) shows that their integral factors are completely identical, and, seemingly, TI and direct quasi elastic reactions could successfully complement each other while studying electronic correlations in a target, even more so as the range of q momentum variation in the capture processes is wider. This observation was made in [42] . However, to support this conclusion it is required to estimate the contributions of the A2 and A3 terms.
The amplitude A3 describes tangential (a large impact parameter) collision of heavy particles, fol lowed by electron capture by a proton. In fact, this is
the SO ionization mechanism as well. The amplitudes A1 and A3 were widely used in earlier calculations of the fast charge exchange processes (CE) (see, e.g., the database compiled in SINP MSU [43] ).
Finally, the amplitude A2 describes a process in which a proton collides with some active electron from a target and knocks it out, but captures another active one. In fact, such a scattering process should be attrib uted to SBA, but here it is part of FBA. The mecha nism, when an incoming particle acts in two steps on the system components, is denoted as TS2 and described in [44] .
As a rule, in an experiment a single differential cross section (SDCS) is measured in the case of a sim ple charge exchange (without ionization, with a resid ual ion He + in the ground state), (2.14) where it is necessary to substitute ϕ -*(k, r 2 ; 2) for (r 2 ) in (2.10) and k 2 for in (2.13) so as to be able to calculate corresponding amplitudes. Of course, in a real experiment with the possibility of measuring as things as precisely as possible, it is required to take into account excitations of both an ion and a hydro gen, and perform corresponding summations in (2.14) in such a way that this expression is theoretically min imal as compared to the experiment. In addition, the
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He + cross section found in (2.14) must be subjected to the so called convolution operation, since, in a real experiment, the angle is measured on average within some interval, i.e., it is required to average the cross section as well. As a rule, this latter averaging consid erably smooths possible spikes in the shape of the cross section. These issues will not be covered in greater detail.
In TI processes it is possible to measure the double differential cross section (DDCS), (2.15) with the amplitude given in (2.9), as well as various integral variations, e.g., the single differential cross section (2.16) when an outgoing electron is not detected. Because of the rapid decrease of the amplitudes with k, increasing the integration in (2.16) is limited by several tens of atomic units. A large amount of experimental data on the capture in coincidence, obtained with a helium target, have been accumulated by Schmidt Böcking's group [45] [46] [47] [48] .
SDCS is shown as a function of the scattering angle θ p in Fig. 5 for three trial helium functions: 1s 2 func tions Hy [30] and RHF [31] and correlated CI func tion [35] . It is seen that the contributions of the A2 and A3 terms considerably improve matching with the experiment at the angles θ p ≤ 0.2 mrad with respect to OBK (A1), with the contribution of the A2 amplitude being relatively small. Calculations are given without a convolution operation being applied, which smooths a dip in the cross section in the vicinity of θ p ~ 0.25 and provides better agreement between theory and experi ment in this region. Moreover, calculations of all three FBA terms are nearly independent of the shape of the helium wave function, as was also observed in the case of (e,2e) EMS experiments (see Fig. 3 ). Here the lead ing contribution comes only from the 1s 2 part of the wave function.
This effect can be explained if one resorts to the coordinate representation of A2 and A3 integrals in the case of simple charge exchange: In particular, the simplest 1s 2 He wave function is writ ten as follows:
From general principles of integration of rapidly oscillating functions with some smooth functions and noting that the quantities q, |v p -q| տ v p /2 in (2.13) and (2.14) are large, it follows that the leading contri bution to these integrals comes from the partial terms
).
with l = 0 in (2.21). This conclusion is also supported by a numerical integration with only the 1s 2 term Ψ 0 (r 1 , r 2 ) in the CI function of Mitroy et al. [35] retained. The situation dramatically changes if the charge exchange processes with ionization are considered. It turns out that the term A2 in (2.9) makes the leading contribution to the FBA sum regardless of the shape of the trial function. It is interesting to note that, if the electronic correlations are completely "switched off" in the helium wave function, then this is the only term that remains nonzero. The rest will disappear by virtue of the orthogonality of helium ion eigenfunctions that belong to different branches of the spectrum. This is why the 1s 2 terms in (2.21) here make a rather small contribution to the total FBA amplitude.
SDCS obtained by a numerical integration of the expression given by (2.15) is presented in Fig. 6 . The oretical curves are shown without a convolution oper ation applied. The curve "tails" at θ p տ 0.2 mrad are determined mainly by the A2 amplitude, since the others decrease faster. It is interesting to note that, once again, the cross sections for "good" correlated trial functions coincide, in spite of the dominating reaction mechanism, completely differently from in the case of (e,3e) quasi elastic reactions, and the inte gral nature of the cross section given by (2.16). The "bad" Hy function makes an appreciably different contribution.
In Fig. 7 the differential cross section (2.22) is shown that reflects the distribution of the ionized elec tron as a function of the emission angle θ e (see also anal ogous Fig. 1 in [52] ). The calculation is again carried out for the correlated and 1s 2 trial function. Of course, we fully agree with the discussion of a role played by SBA terms given in the work by Godunov et al. [52] (the region around 100°). However, we would like to draw the reader's attention to the fact that the cross sections cal culated with trial wave functions having different levels of electronic correlations can successfully describe dif ferent parts of the experimental distribution. This point may give rise to hasty conclusions.
Discussion of Section 2 Results
Two quite different ionization processes involving a fast incoming particle and a helium atom are consid ered in Section 2. Strictly speaking, this is a four body problem. However, the presence of two fast particles in the final state (two electrons in quasi elastic reactions and a bound (pe) pair in a capture reaction) makes it possible to substantially simplify the description of the final states of such processes and consider them within an FBA framework. Such reactions are very informa
tive of electronic correlations in a target, even in the case of transfer.
The latter circumstance is quite surprising, since SDCS is a result of multiple integrations of the ampli tudes and their sums and, seemingly, information on the fine correlation processes should be leveled. More over, here the dominating contribution in FBA ampli tude comes from the least "informative" term, A2, which contributes even in the case of entirely missing electronic correlations in a quantum target, rather than from the OBK term, which is completely analo gous to the amplitude of (e,3e) quasi elastic knockout. It should be noted that the fact of rich information content in TI experiments was repeatedly mentioned in the works by the members of Schmidt Böcking's group [45] [46] [47] [48] . [35] , dotted curve-Hy function by Hylleraas, black squares-experiment [53] . The figure is taken from [51] .
In general, we should say that the A2 and A3 ampli tudes in both CE and TI reactions admit almost no approximate expressions associated with high velocity of an incoming proton, in addition to those mentioned above. The so called MPA (the multiple peaking approximation, see, e.g., [54] ) does not work already for the angles θ p տ 1.5 mrad in the case of CE and completely fails in the case of TI reactions. Some inte grals can be analytically evaluated following Lewis [55] . Details can be found in [51] ; here we do not intend to further elaborate on this interesting problem.
Unfortunately, the differential cross sections with two fast fragments in the final state are extremely small, on the atomic scale, and decrease rather rapidly with increasing energy of an incident particle. This especially applies to the charge exchange reactions. For this reason, experimenters are not much inclined toward conducting such experiments and, rather, pre fer to deal with reactions featuring just one particle in the final state. These latter will be considered in the next section.
ONE FAST PARTICLE IN THE FINAL STATE
One particle in the final state is usually a particle, incident on a (neutral) target, that has transferred to it a (small) part of its energy and momentum. Within an FBA framework, factorization of the final function of a system is trivial here: for a sufficiently fast particle, its wave function is in fact the plane wave multiplied by the wave function of the target's final state. Further simplification of this wave function looks problematic, especially at small (near threshold) energies of emit ted electrons, even if there is only one.
A majority of theoretical and experimental works are associated with dipolar reactions on a helium tar get. In this case, the final wave function describes a three body continuum of two slow electrons in the field of a nucleus (at rest). As was discussed in the Introduction, even this simple problem does not pos sess a solution that could be used in numerical calcu lations. We shall expand on the approaches present here later in this section.
Among the approximations, the so called 3C function, which is a product of three functions of the type similar to Eq. (1.5) [56] , and several variations thereof ought to be mentioned. Ground breaking cal culations with this function in the case of a helium tar get were conducted by Dal Capello and Joulakian [57] and showed great sensitivity of the fivefold differential cross section to the correlations among final electrons, while the (e,3e) experiments themselves, in which all three final electrons were measured in coincidence, including the fast one, were carried out by the Lah mam Bennani group [58] . Moreover, measurements are presented, the authors claim, on an absolute scale, although this statement is still under debate.
Electronic correlations in the final state play an apparently decisive role in dipolar reactions. A striking illustration of this observation that we will consider in the next subsection is the process of multiple ioniza tion of noble gases by a fast electron.
Multiple Ionization of Noble Gas Atoms by a Fast Electron
The problem of inelastic interaction between the fast charged particle and the atom has a long history and is particularly important for understanding phys ics of particles and radiations propagating through a medium. The fundamental works in this field were done by Bohr [64] and Bethe [65] . In this subsection we consider n fold ionization of atom A by the elec tron impact, with one fast (scattered) and n suffi ciently slow (emitted) electrons in the final state. It is natural to represent a final wave function in the follow ing form:
Here p s is the momentum of a fast scattered electron, (k 1 , k 2 , …, k n ) is the wave function of the target's final state that describes motion of n free slow elec trons in the field of A n+ ion. In its turn, the initial wave function is represented by a product of the plane wave of a fast incident electron and the wave function of the atom's ground state, (3.2) In this case the potential of Coulomb interaction of the target components with incoming electron is taken to be the perturbative one, (3.3) where Z denotes the charge of an atom. Substituting expressions (3.2) and (3.3) into (I.1), we obtain (3.4) where Q = p i -p s stands for the momentum transfer to an atom. The differential cross section is written as fol lows:
where p s = and I n is the potential of n fold atom ionization.In general, the measurement is the generalized oscillator strength for n fold ioniza tion [22] . The integration limits in (3.6) are approxi mately taken to be
In the framework of the Bethe theory, the contribu tion of only small Q values to the integral in (3.6) is taken into account, while the integral in (3.7) is calcu lated in the dipole approximation. Omitting details that can be found in [22] , we obtain the known asymp totic Bethe formula for the total cross section: (3.8) where (3.9) and is the momentum parameter in the Bethe theory that limits from above the region of applicabil ity of the dipole approximation. According to Bethe formula (3.8), for reasonably high energy of the inci dent electron, the quantity E 0 σ n should linearly depend on lnE 0 (a so called Fano plot [66] ). The slope of the line calculated is determined by the value of the strength of oscillators (3.9).
The results of measurements for the total cross sec tions of n fold ionization of a Ne atom and a Ne + ion by electron impact are shown in Figs. 8 and 9 , respec tively. In general, these are in good agreement with asymptotic Bethe formula (3.8) in the region of suffi ciently high energies of an incoming electron. Thus, the Born approximation in the interaction between a
fast electron and an atom (or an ion), i.e., single inter action of an electron with a target, turns out to be suffi cient even for n ≥ 2. This is not so obvious considering weak electronic correlations in the example of neon. Indeed, as follows from (3.4), only single ionization is possible in the model of independent electrons. An alternative to this single ionization mechanism is offered by the successive knockout of electrons from an atom by an incident electron. This mechanism is sketched in Fig. 10 . It is clear that, in the case at hand, one refers to the n th order Born approximation. The corresponding amplitude looks like (3.10) where G 0 (E) is the free Green's function, E = = E A . If the target electrons are free, then (3.11.1)
Here is the antisymmetrization operator; = (k j , ); i j and f j denote the sets of single electron quantum num bers (nlmμ) j and (n'l'm'μ') j in the initial atomic and final ionic states, respectively; and ξ j = (r j , σ j ) is a set of spatial and spin variables for the j th atomic electron. For the energies of atomic and ionic states, we have where and are the energies of single electron states. By substituting (3.11) into (3.10) and using the eikonal approximation [69, 70] , we obtain (3.12) where is the operator of all possible permutations of i j indices, b is the impact parameter, and the eikonal
(see, for example, [69] ).
Taking into account that 1/p i Ӷ 1, we can write, to a certain approximation, and keep in (3.12) only nonzero terms of lower order in
In this way, we derive (3.14) Making use of (3.14) in the total cross section calcula tion yields (3.15) where (3.16)
Integration over Q z in the limit of large p i followed by that over Q ⊥ and b' leads to the following expression:
where Note that in (3.17) we omitted interference terms, which is equivalent to neglecting the antisymmetriza tion procedure [71] .
As follows from (3.17), the total cross section of n fold ionization in the framework of the mechanism of successive electron knockout from an atom behaves like ~ This result apparently contradicts both the Bethe formula in (3.8) and experimental observations even in the case of such a weakly correlated system as a neon atom. This conclusion forces us to assume that there are strong correlations among slow electrons in the final state of the reaction, which calls for a dedicated examination. An attempt at such a study was made in [72] within the framework of the effective charge method and looks effective, although still complicated if it were to be carried out in actual calculations.
3C function and Associated Calculations
Let us take n = 2 in (3.4). The principal part of the matrix element in this case takes the form (3.18) The exact functions of the initial and final states must be orthogonal 〈Φ -(k 1 , k 2 )|Φ 0 〉 = 0 since they belong to different parts of the spectrum of the same Hamilto nian. The approximate functions in FBA can be orthogonalized by the Gram method, leading to the replacement of the factor of 2 in transition operator (3.18) by 2F(Q), where F(Q) = 〈Φ 0 |e iQr |Φ 0 〉 is the so called atomic form factor.
The nonsymmetrized 3C function is written as fol lows: (3.19) with the Coulomb wave functions defined in (1.5) . This function enables us to reduce considerably a number of integrations in 6D matrix element (3.18) for two cases of trial helium atom functions: the Slater type function and that with correlations explic itly defined by means of the combination r 12 . Let us take a closer look at this latter case.
Let us define the trial wave function of a helium atom in the following manner: (3.20) A mechanism for calculating the integral given in (3.18) with the BK function [36] is presented in [59] , while the details of the evaluation of such a function, which yields the binding energy = -2.90372 and, additionally, satisfies the Kato conditions [60] in a variational form, can be found in [61] . We now intro duce an auxiliary function, (3.21) and write
This allows obtainment of the following expression for the matrix elements, this time in the form of a 3D integral: with associated calculations presented in Fig. 11 and compared to the experimental data [58] . Let us recol
lect that the experimental geometry is plane; the initial electron energy is E 0 = 5599 eV; and the energy and angle of a scattered electron are E s = 5500 eV and θ s = -0.45°, respectively, while the energies of the emitted electrons are E 1 = E 2 = 10 eV. As is seen from the fig ure, the results for all three trial (relatively "good") functions are close to each other regardless of whether the Kato conditions are satisfied exactly [62] , inte grally [61] , or just approximately [36] . There also are sizable discrepancies between all the calculations and the experiment for the angles θ 1 = 83° and 207°, which can be understood as deriving from the poor quality of the final state function.
So far, we have proceeded from the approximation for the finite wave function quoted in (3.1), that is, described a scattered electron using the plane wave within a finite four body state. A nonperturbative approach to the final state description can be realized in the 6C model represented as a product of six Cou lomb functions in the following way (cf. (3.19) [63] , and dotted curvewith Le Sech function [62] . Experimental points are taken from [58] . The figure is taken from [61] .
The numerical calculations with this function are extremely complicated and, therefore, seldom carried out in practice (see, e.g., [73] ). The effective charge method taken along with the concept of dynamic screening [74] provides a way to get around these com putational difficulties. The total interaction potential is represented in the form (Z T = 2): (3.27) where Z 1 , Z 2 , and Z 12 are the effective charges to be defined. The procedure of finding these effective charges is given in [74] ; here, we only cite the final result:
Thus, 6C function (3.26) reduces to the 3C one with charges (3.28). (By the way, it is this scheme that was applied in the theoretical analysis of experiments con ducted by the Lahmam Bennani group [58] men tioned earlier.)
Discussion of Section 3 Results
In the case of just one fast particle in the final state, even if we approximate its wave function by the plane wave, there still remain considerable difficulties in approximating the finite function of a target with a few slow electrons. The effective charge method, as was found in Section 1, allows for removal of a scattering amplitude singularity in the momentum representa tion obtained from the solution to the LippmannSchwinger equation in the plane wave basis, but, in the coordinate representation, the asymptote of the wave function of three body dissociation, which can be written in the following way: does not formally correspond to the coordinate asymptote of a product of Coulomb functions (1.4) conditioned by (1.3), which is easily verified. At the same time, it is often convenient and customary to start with the coordinate representation, especially in the numerical evaluations.
The 3C function has asymptotic form (3.29) that distinguishes it from the effective charge method, but this function is strictly asymptotic and cannot be a free term for an equation with a local short range potential for the wave function |Ψ (±) (k 1 , k 2 )〉 (see, for example, [75] ). However, recently a series of works have appeared that indicate the route to follow in solving this problem [76, 77] .
At the same time, in the course of multiple ioniza tion with n > 2, an amazing effect, from our point of view, is observed, when such a number of electrons originating from the ionization process itself appear in FBA. As a matter of fact, FBA is a sum of matrix ele ments, with each of the latter describing a single inter action of a fast particle with target components. It turns out that one slow emitted electron "pulls out" the remaining ones by virtue of internal correlations only. These, in general, are Coulomb correlations in the final state. This effect needs to be further studied with great attention.
MOLECULE IONIZATION BY ELECTRON IMPACT: APPROXIMATIONS
During the last 30-40 years, molecular physics was constantly gaining its realm in quantum scattering theory. The theory of singly ionized molecules effected by a fast particle is extremely complicated; even in the simplest case of a hydrogen molecule, we have to deal with a quantum system of five bodies (with the excep tion of photoionization). It is nearly impossible to cope with the problem without having it approximated in any reasonable way, even in the numerical evalua tions within FBA.
In the case of ionization of a hydrogen molecule with simultaneous dissociation, the registration of both scat tered and emitted electrons, as well as one of the protons, can give exclusive information on the target electronic structure and mechanisms of ionization and dissociation. Such a type of detection "in coincidence" is discussed in, e.g., [78] [79] [80] , devoted to studying the collisions of hydro gen molecules and charged ions (see also references therein). Here as well appears an opportunity to investi gate the dependence of the angular differential cross sec tion on the molecule orientation [81] .
One of the main difficulties of mathematical simula tion of such experiments is in the correct description of continuous spectrum states of emitted electrons moving in the Coulomb field of two nuclei (for instance, two pro tons-the nuclei of hydrogen molecules). Over the past few years, a number of models were proposed for describ ing the dynamics of one slow emitted electron in the dipole (e,2e) experiment. For example, in [82] the approximate single parametric wave function represented as a product of two Coulomb functions in the field of a fixed (as compared to the effective reaction time) center (the so called 2C approximation) is used for the reaction + e H + + H + + e + e. In other theoret
ical works purely numerical results were obtained by using the method of wave packet evolution in spherical [83] and prolate spheroid coordinates [84, 85] . These methods yield differential cross sections close to each other and quite different from those calculated by the 2C method. However, the use of spheroid functions to expand a plane wave for a given direction of scattered electron momen tum requires summation of a large number of partial solu tions in the calculations of ionization cross sections, which leads to the cumbersome and slowly converging calculations, thus posing a problem of finding more effec tive approximation to the reaction's final state function. Let us consider this topic at greater length (based mainly on doctoral dissertation [90] ).
General Formulas
The processes of single and double ionizations of two atomic molecule with two active electrons by incident fast electron satisfy the laws of conservation of momentum and energy:
Here (E i , p i ), (E s , p s ), (E 1 , k 1 ), and (E 2 , k 2 ) are the energies and momenta of incoming, scattered, and emitted electrons, respectively; Q is the ion recoil momentum; and I 1 and I 2 denote the potentials of sin gle and double ionization of a molecule.
The diagrams of the electron velocity and molecule orientation vectors are shown in Fig. 12 . Here R is the radius vector of a fast scattered electron; r 1 and r 2 are the radius vectors of emitted electrons; ρ stands for the radius vector that connects nuclei a and b of two atomic molecule and fixes orientation of the axis which a molecule rotates around; R a , R b and r ja , r jb are the radius vectors of incident and j th emitted electrons relative to nuclei a and b, respectively; r jp is the radius vector of incident electron relative to the j th emitted one; and Q = p i -p s is the momentum transfer. From  Fig. 12 it is seen that Triple and fivefold differential cross sections (TDCS and 5DCS) of (e,2e) and (e,3e) reactions with one fast (initial) electron for a fixed molecule orienta tion within an FBA framework are given by the follow ing expressions:
As usual, in the case of one fast particle, we neglect exchange between incident and emitted electrons and assume that the probability of fast particle capture by a target, followed by the emission of two active elec trons, is extremely small. Integrating over all possible where β a and β b are the partition coefficients, β a + β b = 2. Now suppose that each term in square brackets is equal to zero, for example, (4.8) and consider the consequences that follow from such an assumption.
Suppose that the "two storied" construction in parentheses is small for some reason and, hence, this The function in (4.10) is called the 2C wave function (or TCC, two center Coulomb) [82] . At large values of kr, it satisfies Eq. (4.8) to an accuracy of O((kr) -2 ), which is easily verifiable by substitution. It should be noted that the obtained function has the expected physical asymptotics (4.12), because a particle inci dent at a large impact parameter "sees" a one center molecule. The function in (4.10) is a product of dis torted waves and, thus, multiple electron rescattering on each center is taken into account. and coincides with (4.9) for ε a = 0. By using (4.15) we obtain the expression for a new wave function called a modified two center Coulomb function (MTCC), (4.16) where the normalization factor
The main difference between functions (4.10) and (4.16) is that in the latter the electron relative motion in the field of one of the Coulomb centers depends on the Sommerfeld parameter of the other. This function was first obtained and used in [87] .
The case of Z a = Z b = Z is considered to be the most important from the standpoint of physics . It requires that the function in (4.16) be symmetrically represented. Let us write it in the following form (α a = α b = α): 
Single Ionization of Positively Charged Ion of the Hydrogen Molecule by a Fast Electron
We refer those interested in refreshing their knowl edge in the field of quantum chemistry (adiabatic approximation, MOLCAO construction and their notation, molecular symmetries, etc.) to the remark able book by Gribov [88] and review [89] . Here we shall be using conventional terminology without fur ther references.
The simplest wave function (r) that describes the ground state of a ion is obtained in the framework of the MOLCAO method by varying two parameters, f and g [82] : (4.18) where f = 0.224086 and g = 1.13603 are the variational parameters and N(ρ) = 0.6217 is the normalization constant. The ion binding energy is I 1 = 30 eV, while the equilibrium internuclear distance is ρ = 2.
The interaction potential between target and inci dent electron is chosen as follows: (4.19) and the desired matrix element is written as (4.20) In this representation a fast incident electron is described by the plane wave, although it could be expressed in terms of the Coulomb wave, because of the positive charge of the ion. In addition, in the framework of FBA, it is possible to carry out formal orthogonalization of the initial and final states of the target with the result that Eq. (4.20) transforms to (4.21) where F(Q, ρ) = 〈 |e iQr | 〉 is the molecular form factor. As we are not going much into the details of calcula tion, the only point to be mentioned here is that one cannot avoid numerical integration. These details can be found in dissertation [90] referred to earlier in the text. The case of equal charges Z a = Z b = 1 and energy values E i = 2 keV and E k = 50 eV [82] [83] [84] is considered. At such an initial energy it is reasonable, to some extent, to neglect exchange between scattered and emitted electrons in the cross section, describe a fast electron by the plane wave, and assume protons be "frozen" during the ionization process. The latter leads to ρ fixed in the final state by its value in a molecule's ion.
Consider first TDCS in the two cases of orientation axis of a molecule's ion: ϕ ρ = 0°, θ ρ = 0°, and ϕ ρ = 0°, θ ρ = 90°. At the same time, define the parameters ε a = -Z 3 /k and ε b = -Z 4 /k by analogy to α, but with some effective charges Z 3 , Z 4 , and take them to be equal to each other for general reasons. In order to fix the opti
, comparison of maxima of results for the cross section calculations according to (4.21) and those obtained by numerical computations in the pro late spheroid coordinates [84] was carried out. This maximum is reached in the case of the momentum of emitted electron is equal and parallel to the momen tum transfer, i.e., k = Q. This is the so called "Bethe ridge," when the recoil momentum K = 0 and the absolute maximum of the cross section is observed. The required equality Z 3 = Z 4 was defined by the min imal value in the difference of the cross sections in the vicinity of this maximum. As a consequence of apply ing such a "variational principle," it was found that Z 3 = Z 4 does not exceed 0.2. It was also noted that the function Z 3 = Z 4 = f(θ s ) depends weakly on both the scattering and molecule orientation θρ angles. In Figs. 13a and 13b , the TDCSs are shown as functions of the electron scattering angle for k || Q in the case of two orientations of the molecule's axis: ϕ ρ = 0°, θ ρ = 0° and ϕ ρ = 0°, θ ρ = 90°. In the case of k || Q, the recoil momentum reaches its minimum and the maximal collision energy is transferred to emitted electron. From Fig. 13 it is seen that the introduction of additional parameter ε slightly improves the agree ment with results [84] , especially in the region of small scattering angles, where the two center model pro posed in [82] barely works.
In order for the effects of Z 3 and Z 4 parameter introduction to be seen in a greater detail, consider the TDCS in its dependence on the electron scattering angle for two directions of scattered electron θ s = 3° (  Fig. 14a) and θ s = 9° (Fig. 14b) and the molecule's axis orientation ϕ ρ = 0°, θ ρ = 0°. Improvement of the approximate wave function upon introduction of addi tional parameters ε l is evident from Figs. 14a and 14b in the range 100° < θ < 240°. Some discrepancies still per sist in the range 0° < θ < 100° (seen in Fig. 14b ), which are hard to interpret, since here the differential cross section drops by more than three orders of magnitude with respect to the absolute maximum; this discrep ancy can be attributed to a certain roughness of approximation of the wave function (4.16). r 1a , r 1b ) , describing the state that belongs to the continuous spectrum of a slow emitted electron, is determined by formula (4.17).
Single Ionization of the Hydrogen Molecule by the Electron Impact
The triple differential cross sections of the ioniza tion process of helium atom and hydrogen molecule calculated for E s = 500 eV; E 1 = 37, 74, and 205 eV; and θ s = 6° are shown in Fig. 15 . Theoretical evaluations are done for helium atom by using one of the variations of the convergent close coupling (CCC) method [93] , while, for a hydrogen molecule, they are done-in the FBA and distorted wave (M3DW, molecular three body distorted wave) approximations with averaging over orientations of the molecule's axis [94, 95] . In FBA approximations the fitting parameter Z 3 = Z 4 was fixed by normalization of binary maximum to the experiment.
Let us start with analyzing the results for a helium atom presented in Figs. 15a-15c . Good agreement between experiment and theory is observed in both the shape of the distribution as a whole and the positions
of binary peaks. At the same time, a more detailed comparison reveals a shift in binary peak by no more than 10° away from the direction of the momentum transfer θ Q . This feature is well known from the studies of a single ionization of a helium atom [12, 96] and reflects the insufficiency of the FBA approximation, when the energies of emitted and scattered electrons become comparable.
In the case of a hydrogen molecule (Figs. 15d-15f) , comparison of experiment and theory gives a less sat isfactory result. A certain agreement between the FBA and M3DW calculations is observed at low energies of an emitted electron (Fig. 15d-15e) , whereas the M3DW model describes better the vicinity of the binary peak at high energies (Fig. 15f) . Note that the M3DW model predicts the existence of a shoulder in the binary peak (Fig. 15f) at E 1 = 205 eV, which, how ever, cannot be observed due to poor statistics of the experiment.
From Fig. 15 it follows that triple differential cross sections of reactions (e,2e) for helium atom and hydrogen molecule resemble each other in shape, par ticularly in the region of a binary peak at low ionized electron energies. This is easily seen, since, under such conditions, the reaction takes place at a high impact parameter (a low momentum transfer) and, therefore, both protons of the molecule are felt by an incident electron as if they resided at the same point and had a charge identical to that of a helium atom nucleus. At the same time, noticeable distinctions are observed in the region of the recoil peak, i.e., in the direction opposite to that of the momentum transfer θ -Q = θ Q + π, as here the mechanisms related with interior of the target are important.
Double Ionization of the Hydrogen Molecule by the Electron Impact
Finally, let us direct our attention to a double ion ization of the hydrogen molecule H 2 by the electron impact, e + H 2 3e + H + + H + .
The fivefold differential cross section σ (5) averaged over directions of the molecule axis is expressed by for mula (4.4.2) . In this case the double ionization potential IP = 51 eV, the distance between nuclei ρ = 1.4354 au, and the amplitude T fi has the following form:
The potential V is the same as in (4.23) .
The trial three parameter wave function of the ground state of The final state nonsymmetrized wave function χ f (k 1 , k 2 ; r 1 , r 2 ) of two slow emitted electrons in the field of two nuclei at rest is represented as the sum of a
product of two MTCC (4.17) multiplied by the so called Gamov factor, (4.27) Denote also small parameters ε 1 = ε 1a = ε 1b and ε 2 = ε 2a = ε 2b .
It should be noted that taking into account inter electronic correlations in a separable function of the final state by means of the Gamov factor is not the best path to follow in the case of slowly moving electrons, although it is commonly used for estimates. As a rule, its introduction into the cross section calculation leads to sizable decrease of the latter, even though behavior of the cross section is correct in terms of physics (its equality to zero) for k 1 = k 2 .
Integration over the R coordinate of a fast incident electron is trivial, while the remaining 6D integral transforms to several 3D integrals of a product of the functions of type (3.24), which are numerically evalu ated. For details refer to [90] ; here we omit them alto gether. Now take the energies of incident and emitted electrons to be 612, 51, and 10 eV, respectively, as was done in [98] . The 5DCS quoted in Eq. (4.3.2) is shown in Fig. 16 as a function of electron scattering θ s and molecule axis orientation θ ρ angles for opposite direc tions of slow electrons with k 1 being parallel to Q. Two peaks at θ ρ = 170° and 80° are observed in the region of small scattering angles 0°-5°. These regions corre spond to the molecule's axis oriented in parallel and perpendicular directions to that of the momentum transfer Q. Note that in the experiment geometry cho sen, the recoil momentum K is parallel to Q, which follows from the law of conservation of momentum, Q = p i -p s = k 1 + k 2 + K.
As the electron scattering angle increases, these two peaks are seen to follow along directions of the momentum transfer until the cross section reaches its maximum at θ s = 16.5°. One can verify that Q = k 1 , i.e., for all the molecule orientations θ ρ the condition k 2 = -K is satisfied. As the calculations show, the 5DCS is relatively less sensitive to the variations in θ ρ rather than θ s . Such a situation exactly corresponds to the so called "Bethe ridge" in (e,2e) single ionization, when the target recoil momentum is low compared to the momentum transfer and a nucleus of the molecule takes virtually no part in the reaction. Both these calculations are apparently qualitative, since, as we know, (e,3e) experiments with molecules, and even more so the oriented ones, were not con ducted.
Discussion of Section 4 Results
In this section we have discussed the possibility for the complex four and five body final state wave func tions of a quantum system to be simply and adequately represented, rather than the physical results of single and double ionization of the simplest hydrogen mole cule (a positively charged ion ) by the electron impact. To this end, a distorted wave method was devel oped that described the behavior of each molecular electron in the Coulomb field of two heavy centers.
In principle, the model has two fitting parameters that can be reduced to just one parameter, much like in the effective charge model. It works well in the case of single ionization and competes not only with other approximate schemes, but also with complicated numerical computations in a wide range of angles and energies of emitted electron.
In the case of double ionization, we presented a variant that does not fully take into account ee corre lations in the final state. Nevertheless, in this case the model is still satisfactory, although only qualitatively. Consider the experimental results of (e,3 -1e) reac tion with a molecular target [98] . In these experiments one explores the double ionization of a hydrogen mol ecule, with a scattered and only one emitted electron The experimental data are taken from [98] and scaled to match theoretical results at ε 1 = ε 2 = 0 in the region close to the maxi mum of a binary peak (about 300°): E i = 612 eV, E 1 = 51 eV, and E 2 = 10 eV. The figure is taken from [100] . detected in coincidence. From the experimental point of view, such measurements allow the signal to back ground ratio to be considerably increased, thus ensur ing reliability of the results obtained. To be able to con front the experiment (on a relative scale) with the the ory, it suffices to integrate the FDCS over the spherical angle Ω 2 of a second slow emitted electron, and appropriately "scale" the experiment. From Fig. 18 it follows that, for any choice of ε i , the model considered reproduces the shape of experimental dis tribution with two maxima and minima, which, how ever, are somewhat shifted with respect to the experi mental ones. All the theoretical results give a dominat ing maximum in the cross section close to the direction of Q at θ 1 = 350°. A certain discrepancy between the FBA theory presented in this work and the experiment is also observed in the case of single ion ization, especially for medium values of the energy of an incident electron. At high energies of that electron, this discrepancy disappears [99] , which points to the necessity of using SBA calculations in further studies.
CONCLUSIONS
In this review we tried to highlight just a few theo retical approaches to the problem of multiple ioniza tion of atomic or molecular target by a fast charged particle. Such popular and powerful, from the compu tational point of view, theoretical concepts as the con vergent close coupling method, the J matrix method, etc., were omitted. As was already noted in the Intro duction, "no living man all things can." Therefore, we were guided by the idea of exposing approaches and approximations "filled" with and understandable from the physics point of view, rather than some "bare" numerical schemes that allow achieving good agreement with experiment. Surely enough, in such a way it is impossible to give a complete picture of the considered physical models. Rather, our goal was pri marily to highlight the essence of these models and show their practical capabilities.
The multiple ionization experiments with measure ments of energies and emission angles of the final frag ments in coincidence are very informative and, at the same time, quite complicated. Nonetheless, there has been considerable progress in this direction in recent decades: new kinematical regions are becoming acces sible for investigation that were once thought to be vir tually inaccessible. This, in turn, requires going beyond the usual approximations (such as, e.g., the FBA).
It should be noted that atomic processes have recently drawn the attention of both theorists and experimenters in high energy physics, a field seem ingly too removed in energy from that considered here (see, for example, review [101] devoted to atomic physics experiments on cyclic and linear accelerators). It should also be mentioned that it appears possible to σ 4 ( ) dΩ 2 σ 5 ( ) ∫ = study the processes of quantum target multiple ioniza tion by a charged particle in the presence of an intense laser field. Eventually, experimental development poses new challenges for the theory.
